We fix an error in the bound obtained in [13] for the crossing number of wrapped butterflies. The new bound finer than the one provided earlier.
Introduction
Let G be a simple connected graph with vertex set V (G) and edge set E(G). A drawing of G is said to be good provided that no edge crosses itself, no adjacent edges cross each other, no two edges cross more than once, and no three edges cross in a point. The crossing number Cr(G) of a graph G is the minimum possible number of edge crossings in a good drawing of G in the plane.
Garey and Johnson [4] proved that computing the crossing number is NP-complete. Not surprisingly, there are only a few infinite families of graphs for which the exact crossing numbers are known (see for example [7, 8, 11] ). Therefore, it is more practical to determine the upper and lower bounds for the crossing number of a graph.
Another family of graphs whose crossing numbers have received a good deal of attention is the interconnection networks proposed for parallel computer architecture. For hypercubes and cube connected cycles, the crossing number problem is investigated by Sýkora et al. [12] . Cimikowski [2] has given upper bounds for the crossing number for various networks like torus, buttery and Benes networks. He has also obtained a bound for the crossing number of mesh of trees [3] . Manuel et al. [10] have given improved bounds for the crossing number of butterfly network and have also given a lower bound which matches the upper bound obtained.
In an earlier paper Vijaya et.al [13] modified the drawing of the r-dimensional wrapped butterfly network W B(r) with 5 4 4 r −3(2 r )−r2 r crossings which slightly improved the existing estimate 3 2 4 r −3(2 r )−r2 r given by Cimikowski [2] . They proposed a new drawing and claimed to have obtained a finer bound. In this paper we fix an error identified there and obtain a better bound with 7 8 4 r − (3r − 4)2 r crossings. A comparison chart is also provided in the last section.
Wrapped butterfly network
The set of vertices of an r-dimensional butterfly corresponds to pairs [w, i] , where i is the dimension or level of a vertex (0 ≤ i ≤ r) and w is an r-bit binary number that denotes the row of the vertex. edges. It has r + 1 levels and there are 2 r vertices in each level. Each vertex on level 0 and level r is of degree 2; all other vertices are of degree 4 [6] .
When the vertices of BF (r) in level 0 are merged with those in level r, a new structure called the wrapped butterfly is obtained. The r-dimensional wrapped butterfly denoted by W B(r) has r levels, from 0 to r − 1, and each level has 2 r vertices [6] . The wrapped butterfly network has been studied with regard to Hamiltonian paths and cycles [1, 14] and VLSI layout [5] .
Another level wise labeling scheme for the vertices of W B(r) is adopted here. The vertices are numbered from left to right, with integers 1, 2 · · · 2 r . A vertex in level i and in position j from the left is designated by the pair (i, j), Figure 1 . 
A finer bound for the crossing number
This section begins with the statements of existing bounds.
To recall the definition of the new drawing proposed in [13] Lemma 3.5.
[13] The graphs B k , 1 ≤ k ≤ 2 r−2 , are planar.
The plane graph associated with B 1 is called a ring and is denoted by R; see Figure 2 . The proposed drawing of W B(r), denoted RB(r), is made up of rings R k , 1 ≤ k ≤ 2 r−2 . The ring R j is drawn in the interior face of the ring R i whenever 1 ≤ i < j ≤ 2 r−2 . Since each R k is planar, the edges of RB(r) contributing to the crossing number are the ones corresponding to the cross edges of W B(r) between levels i and i + 1, 2 ≤ i ≤ r − 2, r ≥ 4, and the ones corresponding to the wraparound edges of W B(r). We call these edges as inner edges of RB(r) and they cross the rings and cross one another too. Before attempting to count the number of crossings in RB(r) we first describe the method of drawing; a few more definitions and notations are necessary.
The set of all edges belonging to the rings R k , 1 ≤ k ≤ 2 r−2 , is denoted by RE. An inner edge of RB(r) corresponding to a cross edge of W B(r) between levels i and i + 1 is denoted by I i , 2 ≤ i ≤ r − 2, r ≥ 4. The set of all such inner edges of RB(r) is denoted by IE. An edge of RB(r) corresponding to a wraparound edge of W B(r) is also an inner edge and is denoted by I r−1 . The set of all such edges is denoted by W IE.
It is clear from the structure of the ring R 1 that the cycles C 1,1 , C 1,2 , C 1,4 and C 1,3 appear clockwise in this order. The same is true for any ring R k . Thus the cycles C 1,1 , C 2,1 , C 3,1 . . . C 2 r−2 ,1 appear one below the other in RB(r). This observation is useful in describing the method of including the edges of RB(r). The graph induced by the vertices in D the inner edges I 2 join the vertices of C 1,1 and C 2,1 ; C 3,1 and C 4,1 and so on. All these edges are drawn on left; see Figure 3 . Inner edges I 3 join the vertices of C 1,1 and C 3,1 ; C 2,1 and C 4,1 and so on. These edges are distributed equally on the left and right. This process continues and gives the diagram 1 4 D. Note that in 1 4 D the inner edges I i , 2 ≤ i ≤ r − 1, occur in pairs. 5 (b) (a) Twice the count Cr(RB(4)) together with Lemmas 3.7, 3.8 and 3.9 for r = 5 gives the following result. Proof. The proof is by induction on r. The result is true for r = 5. Assume the result for r = k − 1. Then Cr(RB(k − 1)) ≤ The bound mentioned in Theorem 3.3 was obtained taking into consideration the crossings of only the inner edges and wraparound edges with the rings. We claim that our new count is correct.
Denoting the bounds in Theorems 3.1, 3.2 and 3.14 as equations I, II and III respectively the comparison diagram is given in Figure 4 . 
